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A Lyapunov Analysis for Mamdani Type
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Abstract—We derive sufficient conditions to guarantee asymp-
totic stability for fuzzy-based sliding mode controllers applied
to single-input single-output nonlinear systems, made in the
framework of Lyapunov functions. Such conditions also preserve
the well-recognized features of both sliding mode control and
Mamdani-type fuzzy control such as robustness and uncertainties
treatment. In addition, the rules for tuning the cores of member-
ship functions are also found. Real-time experiments, made on a
one-link pendulum, were performed to illustrate and demonstrate
the theoretical results.
Index Terms—Lyapunov stability, fuzzy control, sliding mode
control.
I. INTRODUCTION
ALTHOUGH fuzzy control can be applied in a diversityof nonlinear systems, the stability analysis has been an
open challenge [1]. In particular, Mamdani-type fuzzy methods
have been criticized by the scientific communities due to the
lack of theoretic foundations on its stability analysis [2], [3].
There are many works focused on this matter, but the results
on how to fit the membership functions are ambiguous.
A. Literature Overview
Passivity-based methods are used to conclude stability and
convergence of fuzzy closed-loop systems, but there is not
presented an explicit way to adapt the membership functions.
Margaliot and Langholtz [4] offer a Lyapunov approach where
the sign of variables is considered to fix the membership func-
tions to ensure convergence of trajectories to the equilibrium
point. However, the sign of variables is not enough neither
to tune the membership functions nor to guarantee stability.
Moreover, the adjustment of the system is still acting on a
trial-and-error basis. For those reasons, Takagi-Sugeno fuzzy
methods have taken significant interest along the years since
the treatment of linear functions has been useful for model-
based stability analysis and control design [2]. Choi, Kwak,
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and Kim [5], [6] introduce a straightforward and competent
method to reduce the numbers of fuzzy inputs using one
fuzzy input variable instead of the error and change-of-error
inputs (process-state variable). This variable, also called signed
distance, contains all the state variables of the process and rep-
resents the geometric distance from the main diagonal line (or
hyperplane) to an actual state in the plane-phase. The stability
is proven by using the Popov criteria but without referring the
way to adjust the memberships functions. The concept of a
sectorial fuzzy-controller, introduced by Calcev [1], [7], has
been an attractive attempt to address the stability analysis for
Mamdani-type fuzzy controllers.
Roughly speaking, Lyapunov stability proof is not well
developed for Mamdani-type fuzzy controlled systems. In
contrast, the Takagi-Sugeno fuzzy logic results attractive for
the academic communities over the years for its wide results
on the matter [2], [3]. In such case, the output variable of a rule
is not determined by the max-min relational composition of the
Mamdani-type inference but by a mathematical function of the
variables of the plant. The stability analysis is carried out in the
framework of quadratic Lyapunov functions to ensure asymp-
totic stability by solving a set of linear matrix inequalities [8].
However, Tagaki-Sugeno systems do not express the expertise
of users on control adjustment [2], [9] and therefore, many
industrial applications are based on Mamdani-type models [2],
[10]. Moreover, Lyapunov candidate functions might do not
work for many fuzzy functions because of the complexity of
nonlinear systems [11].
Fuzzy-based sliding mode control (FSMC) has been pro-
posed as an alternative to reduce chattering. During previous
decades existing literature was focused on introducing “logic
decision” in variable structure systems [12]. These alternatives
consist in substituting the switching function by a fuzzy
inference system. Under the combination of both algorithms
can lead to the chattering attenuation and the reduction of the
number of rules for the dynamic fuzzy controllers because a
single fuzzy variable contains all dynamic process [13], [14],
[15]. The fuzzy inference system made that the sliding variable
reach the origin.
In [14], [16], we present an alternative of fuzzy-based
sliding mode control which does not require the compensation
terms. In those papers, the Mamdani-type fuzzy system has
a single input whose output is the control action applied to
the actuator. The sliding variable represents the input for the
fuzzy inference system. The main feature is the simplest way
for designing the FSMC as was experimentally demonstrated
on a pneumatic parallel robot.
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B. Contribution of the paper
This work aims to demonstrate asymptotic stability, in
the framework of Lyapunov functions, of a class of fuzzy-
based sliding mode control, inspired in [14], [16] for solving
regulation problems. In [15], we define conditions to prove
how to achieve the attenuation of chattering by the Mamdani
type-fuzzy inference system based on the describing function
method. However, the robust stability analysis under vanishing
matched and unmatched disturbances and criteria to set the
cores have been left unaddressed.
The main contribution of this paper resides on how to set the
membership functions for guaranteeing asymptotic stability in
the sense of Lyapunov which is a comprehensive strategy to
conclude stability for nonlinear systems. The obtained results
pretend to be a complementary tool for control practitioners
interested synthesize fuzzy logic controller. We use piecewise
Lyapunov functions to verify the stability along different
boundary regions. To the best of the author’s knowledge,
there is no report concerning the parametric adjustment of
the membership functions for Mamdani-type fuzzy inference
system, so the theoretical result will be helpful to improve the
performance of the FSMC in closed-loop systems.
C. Organization of the paper
This paper is outlined as follows: Section II introduces an
overview on the main and basic concept of the sliding mode
control. Section III presents a description of the proposed
fuzzy-based sliding mode control. The analysis of robustness
is shown in Section IV. Experimental results, made in a one-
link pendulum, in order to verify the stability and convergence
of the fuzzy sliding mode controller, are given in Section V.
Finally, conclusions are stated in Section VI.
II. BACKGROUND IN CONVENTIONAL SLIDING MODE
CONTROL UNDER MATCHED AND UNMATCHED
DISTURBANCES
For the convenience of the reader, this Section presents the
conventional sliding mode control synthesis and stability for
nonlinear single-input single-output affine systems of the form
q˙ = A11q +A12z + wu(q, z, t), (1)
z˙ = A21q +A22z + wm(q, z, t) + bu, (2)
y = Cx(t), (3)
where x(t) = [q(t) z(t)]T ∈ Rn is the state vector consisting
by the states q(t) = [q1(t) q2(t) · · · qn−1(t)]T ∈ Rn−1 and
z(t) ∈ R. The variable t ∈ R≥0 denotes the time, u(t) ∈ R
is the input variable; wu(q, z, t) and wm(q, z, t) represent the
unmatched and matched uncertainties, respectively; y(t) ∈ R
is the output, and A11 ∈ R(n−1)×(n−1), A12 ∈ R(n−1)×1,
A21 ∈ R1×(n−1), and A22 ∈ R are submatrices of the matrix
A ∈ Rn×n, defined as
A =
[
A11 A12
A21 A22
]
, (4)
which is assumed Hurwitz. The scalar b > 0 is the input
constant and C ∈ R1×n is the output matrix. The matched
disturbances appears in the same equation of the control
inputs as in (2). Friction forces are examples of this class
of disturbances.
The following Assumptions are made throughout.
Assumption 1: The pair [A,B], with B = [0 · · · 0 b]T ∈
Rn, is controllable.
Assumption 2: The matched and unmatched perturbation
vector w = [wm wu]T satisfies the linear growth bound, that
is, there exist positive constants β1 and β2 such that the
inequality
‖w(q, z, t)‖2 ≤ β1‖q‖2 + β2|z|, (5)
is satisfied uniformly for all q and all z.
Remark 1: In assumption 2, given any pair of fixed positive
real numbers β1, β2 6= 0, by the Archimedian Property applied
to the triangle inequality (5) for the vector x = [q z]T , there
exists a real positive β0 such that
β1‖q‖2 + β2|z| ≤ β‖x‖2,
for all β ≥ β0.
A. Conventional Sliding Mode Control
The main idea of the sliding mode control [17] consists
in forcing the dynamic system (1)–(3) towards a discontinuity
manifold by specifying a sliding surface, denoted by the scalar
σ(t) ∈ R, and to maintain it there in spite of external matched
uniformly bounded disturbances. Once the states reach the
sliding manifold S = {x ∈ Rn : σ(t) = σ˙(t) = 0}, the
states will exponentially converge to the origin. To illustrate
the above, the following scalar sliding surface is proposed
σ = z +
n−1∑
i=1
giqi = z + G¯q =
[
G¯ 1
]︸ ︷︷ ︸
=G
x, (6)
where gi are positive constants and G¯ = [g1 g2 · · · gn−1].
In the following, we will demonstrate that the sliding mode
control
u(t) = −ρ sign(σ), (7)
with the positive gain ρ, will drives the trajectories towards
the sliding surface in spite of external disturbances. In other
words, the sliding mode control (7) will drive the states of the
system (1)–(2) to the origin, that is,
lim
t→∞ ‖x(t)‖ = 0, (8)
for arbitrary initial conditions x(0) ∈ Rn, in spite of the
presence of external disturbances. Here, sign(σ) ∈ R is the
ideal relay, multi-valued for σ = 0, that is,
sign(σ) =

−1, if σ < 0
[−1, 1], if σ = 0
1, if σ > 0.
(9)
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Reachability is proven by using the following quadratic func-
tion
V (σ) =
1
2
σ2, (10)
which is positive definite. The time derivative of V (σ) along
the solution of the closed-loop system (1)–(2), (7) is given by
V˙ =σσ˙ = σ
(
z˙ + G¯q˙
)
=σ
[
A21q +A22z + bu
+ wm(x, t) + G¯ (A11q +A12z + wu(x, t))
]
=σ
[
(A21 + G¯A11)q + (A22 + G¯A12)z
+ bu+ wm(x, t) + G¯wu(x, t)
]
. (11)
To probe reachability of the set S, we substitute (7) into
(11) obtaining
V˙ =σ
[
(A21 + G¯A11)q + (A22 + G¯A12)z − ρb sign(σ)
+ wm(x, t) + G¯wu(x, t)
]
=− ρb|σ|+ σ
[
(A21 + G¯A11)q + (A22 + G¯A12)z
+ wm(x, t) + G¯wu(x, t)
]
≤− ρb|σ| +
[
‖A21 + G¯A11‖‖q‖+ |A22 + G¯A12||z|
+ (1 + ‖G¯‖)
(
β1‖q‖+ β2|z|
)]
|σ| (12)
where the Assumption 2 have been used. Finally, if ρ is chosen
according to
ρ >
1
b
[(
‖A21 + G¯A11‖+ β1(1 + ‖G¯‖)
)
‖q(0)‖
+
(
|A22 + G¯A12|+ β2(1 + ‖G¯‖)
)
|z(0)|
]
(13)
then, the trajectories x(t) = [q(t) z(t)]T move toward the
sliding surface σ(t) in finite-time in spite of the presence of
external disturbances w(t) = [wu(t) wm(t)]T ∈ Rn.
The equivalent control associated with the dynamic system
(1) is
ueq =− 1
b
[ (
A21 + G¯A11
)
q +
(
A22 + G¯A12
)
z
+ wm + G¯wu
]
(14)
and the reduced dynamics results in
q˙ =
(
A11 −A12G¯
)
q + wu(q, 0, t). (15)
Consequently, the elements of the matrix gains G must be
chosen such that the matrix A11 − A12G¯ has all eigenvalues
with negative real part.
The discontinuous function (9) plays an important role
in the robustness and finite-time stabilization properties of
the controlled system. However, in practice, undesirable fast
switching, also called chattering, is typically produced at the
control input and induced at the output once the trajectories are
inside the set S. For this reason, fuzzy sliding mode control
was proposed in order, not only to avoid chattering, but also
to find sufficient condition to guarantee robust stability.
III. FUZZY-BASED SLIDING MODE CONTROL
Fuzzy-sliding modes represents an alternative control algo-
rithm dealing not only with uncertainties but also with fast
switching. Moreover, sliding manifold reduces the amount of
fuzzy variables and rules [13], [14] with respect to conven-
tional fuzzy controllers.
To accelerate the convergence towards the sliding surface
and to remove the chattering, without loss the robustness
property, a fuzzy inference system will be designed to replace
the switching control (7). Now, u(t) ∈ [umin, umax] ⊆ R will
be directly related to the sliding variable σ(t) through fuzzy
rules, being umin and umax the minimum and maximum values
of u(t), respectively.
Let
u(t) = −ψ(σ) (16)
be the relationship between the input and output variables
replacing the control law (7). Here, ψ(σ) is the crisp output
of the Mamdani-type fuzzy inference system [18]. The fuzzy
logic will follows the if-then fuzzy rule, that is,
Ri : If σ is Mi then u(t) is Ui, (17)
where Mi is the fuzzy variable at the input and Ui is the fired
crisp value of the output regarding a value of σ.
The proposed Mamdani type of fuzzy system has triangular
membership functions for the input σ which are defined as
Mi(σ) =

σ−Φi−1
Φi−Φi−1 if Φi−1 ≤ σ < Φi
σ−Φi+1
Φi−Φi+1 if Φi ≤ σ < Φi+1
0 elsewhere
(18)
where Φ−i = Φi and M0(0) = 0. The membership func-
tions for the fuzzy sets of the output u(t) are singleton-type
functions Ui satisfying Ui = −U−i and U0 = 0. According
to the above, the right-hand side of the control law (16) is
represented as follows:
ψ(σ) =
∑
i
{
Mi(σ)∑p
r=−pMr(σ)
}
Ui, (19)
where
p∑
r=−p
Mr(σ) = Mi(σ) +Mi+1(σ).
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Since the membership functions for σ(t) and u(t) are trian-
gular and singleton fuzzifiers, respectively; the control input
(19) is calculated as [18]
ψ(σ) =
[
Mi∑p
−pMr(σ)
Ui +
Mi+1∑p
−pMr(σ)
Ui+1
]
, (20)
for Φi ≤ σ < Φi+1.
The following result concerning to the proposed function
ψ(σ) is held.
Lemma 1 ([1], [18]): The fuzzy input (20) satisfies the
following properties:
i) ψ(σ) is a locally Lipschitz continuous and bounded
function.
ii) ψ(0) = 0.
iii) ψ(σ) = −ψ(−σ)
iv) Only two rules are fired at the same time for a σ, that
is,
p∑
r=−p
Mr(σ) = Mi(σ) +Mi+1(σ)
=
σ − Φi+1
Φi − Φi+1 +
σ − Φi
Φi+1 − Φi = 1
for Φi ≤ σ < Φi+1.
Property of item i) ensures that the derivative of ψ(σ) exists
for all σ ∈ R and ψ(σ) does not saturate the control input.
Property ii), known as steady-state property, ensures that the
origin is an equilibrium point of the disturbance-free (w = 0 ∈
Rn) dynamic system (1)–(2), (16). Property iii), also known
as odd condition, means that the input and output variables are
covered by an odd number of fuzzy input or output sets, and
the odd function ψ(σ) is symmetric with respect to the origin.
Property iv) is a typical property for Mamdani rules [18].
Thereby, from Property iv),
ψ(σ) = MiUi +Mi+1Ui+1
=
Ui+1 − Ui
Φi+1 − Φiσ +
1
Φi+1 − Φi (Φi+1Ui − ΦiUi+1).
(21)
Finally, it is concluded that the control input u(t) is propor-
tional to the output signal σ(t), that is
u(t) =

umax, if σ > Φi
∝ −σ(t), if σ ∈ [Φ−i,Φi]
umin, if σ < Φ−i.
(22)
In the following section we will address the stability analysis
of the proposed fuzzy sliding mode control.
IV. ROBUSTNESS ANALYSIS OF THE FUZZY-BASED
SLIDING MODE CONTROL
In this Section, the asymptotic stability and the robustness
property of the SISO linear perturbed system (1)–(2) driven
by the fuzzy control law (21) will be demonstrated. For this
purpose, the closed-loop system (1)–(2), (21), depicted in
Figure 1, will be represented in the following generalized
form:
x˙(t) = Ax(t) +Bu(t) + w(x, t), (23)
u(t) = −ψ(σ(t)), (24)
σ(t) = Gx(t), (25)
where the matrix A ∈ Rn×n was defined in (4), B =
[0 · · · 0 b]T ∈ Rn, G = [G¯ 1] = [g1 g2 · · · gn−1 1] ∈
R1×n, and the matched and unmatched disturbances are en-
closed in the vector w = [wu wm]T ∈ Rn.
Fig. 1. Block diagram of the closed-loop system with fuzzy sliding mode
control Ψ(σ).
Before to stablish the main result, we are going to need the
following lemma due to Kalman–Yakubovich [19, Ch. 8], for
a SISO-type system being A Hurwitz, [A,B] controllable, and
[A,C] observable.
Lemma 2 (Kalman–Yakubovich lemma): The transfer func-
tion H(s) = C[sI − A]−1B is positive real, if and only if
there exists a positive definite matrix P ∈ Rn×n, a matrix L,
and a sufficiently small positive constant ε such that,
PA+ATP = −LTL− εP
GT = PB,
(26)
with Q = LTL+ εP .
A transfer function matrix H(s) is positive real if poles of
H(s) are in Re[s] ≤ 0.
The main result is stated in the following Theorem.
Theorem 1: Consider the closed-loop system (23)–(25) with
Assumption 1 and the external disturbances w(x, t) satisfying
Assumption 2. Assume that the function Ψ(σ) satisfies the
properties of lemma 1. Let P ∈ Rn×n be a positive definite
matrix and let Q∗ ∈ Rn×n be a symmetric positive-definite
matrix which is the corresponding solution of the following
algebraic equation
Q∗ =

PA+ATP+
2GT
(
Ui+1−Ui
Φi+1−Φi
)
G, if σ ∈ [Φi,Φi+1] ⊂ R+,
0 if σ = 0,
PA+ATP+
2GT
(
U−i+1−U−i
Φ−i+1−Φ−i
)
G, if σ ∈ [Φ−i,Φ−i+1] ⊂ R−.
(27)
The origin x(t) = 0 is an asymptotically stable equilibrium
point if the Mamdani-type fuzzy inference system (21) satisfies
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the following inequalities
λmin{Q∗} > βλmax{P}
Ui
Φi
≥ Ui+1
Φi+1
.
(28)
Proof : Consider the following Lyapunov function candidate:
V = xTPx (29)
where P is a positive definite symmetric matrix. Then, the
time derivative of (29) along the trajectories of the closed-
loop system (23)–(25) is
V˙ =xT (PA+ATP )x+ 2xTPw(x, t) + 2xTPBu(t)
=xT (PA+ATP )x+ 2xTPw(x, t)− 2xTPBψ(σ).
(30)
Assume that the sliding variable be determined by any positive
segment [Φi,Φi+1], that is, σ ∈ [Φi,Φi+1] ⊂ R+. Then,
substituting (21) into (30) we get
V˙ =xT (PA+ATP )x+ 2xTPw(x, t)
− 2xTPB
(
Ui+1 − Ui
Φi+1 − Φiσ +
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
.
=xT (PA+ATP )x+ 2xTPw(x, t)
− 2xTPB
(
Ui+1 − Ui
Φi+1 − Φi
)
σ
− 2xTPB
(
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
. (31)
By substituting the right-hand side of the sliding surface (25)
into (31), then
V˙ =xT (PA+ATP )x+ 2xTPw(x, t)
− 2xTPB
(
Ui+1 − Ui
Φi+1 − Φi
)
Gx
− 2xTPB
(
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
.
(32)
By applying the Kalman–Yakubovich lemma, the time deriva-
tive of the Lyapunov function (32) turns out
V˙ = −xTQx+ 2xTPw(x, t)− 2xTGT
(
Ui+1 − Ui
Φi+1 − Φi
)
Gx
− 2
(
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
Gx
= −xTQx+ 2xTPw(x, t)− 2xTGT
(
Ui+1 − Ui
Φi+1 − Φi
)
Gx
− 2σ
(
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
= −xT
[
Q+ 2GT
(
Ui+1 − Ui
Φi+1 − Φi
)
G
]
x+ 2xTPw(x, t)
− 2σ
(
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
.
(33)
Since Q is a symmetric definite positive matrix, (Ui+1 −
Ui)/(Φi+1−Φi) is a positive scalar, and it is straightforwardly
verified that the product
GTG =

g21 g1g2 g1g3 · · · g1
g1g2 g
2
2 g2g3 · · · g2
g1g3 g2g3 g
2
3 · · · g3
...
...
...
...
...
g1 g2 g3 · · · 1

is also a symmetric semidefinite positive matrix. Then, we get
that
Q∗ = Q+ 2GT
(
Ui+1 − Ui
Φi+1 − Φi
)
G
is a definite positive matrix. Hence
V˙ ≤− xTQ∗x+ 2xTPw(x, t)
− 2
(
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
σ.
(34)
Using Assumption 2 leads to
V˙ ≤− λmin{Q∗}‖x‖22 + 2βλmax{P}‖x‖22
− 2
(
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
σ
=−
[
λmin{Q∗} − 2βλmax{P}
]
‖x‖22
− 2
(
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
σ.
(35)
Since σ is positive, the function V˙ will be negative definite
provided (28).
Assume now that σ ∈ [Φ−i,Φ−i+1] ⊂ R−, then the time
derivative of V (31) becomes
V˙ =xT (PA+ATP )x+ 2xTPw(x, t)
− 2xTPB
(
U−i+1 − U−i
Φ−i+1 − Φ−i
)
σ
− 2xTPB
(
Φ−i+1U−i − Φ−iU−i+1
Φ−i+1 − Φ−i
)
.
(36)
Following the procedure described in (32)–(33), we have
V˙ = −xT
[
Q+ 2GT
(
U−i+1 − U−i
Φ−i+1 − Φ−i
)
G
]
x+ 2xTPw(x, t)
− 2σ
(
Φ−i+1U−i − Φ−iU−i+1
Φ−i+1 − Φ−i
)
.
(37)
Since σ is negative, it is necessary to point out that
Φ−i+1 − Φ−i > 0,
U−i+1 − U−i > 0,
σ = −|σ|.
(38)
According to the above, the last term of (37) can be rewritten
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as
−2σ
(
Φ−i+1U−i − Φ−iU−i+1
Φ−i+1 − Φ−i
)
=
2|σ|
(
Φ−i+1U−i − Φ−iU−i+1
Φ−i+1 − Φ−i
)
.
(39)
Thus, the time derivative of the Lyapunov function results in
V˙ = −xT
[
Q+ 2GT
(
U−i+1 − U−i
Φ−i+1 − Φ−i
)
G
]
x+ 2xTPw(x, t)
+ 2|σ|
(
Φ−i+1U−i − Φ−iU−i+1
Φ−i+1 − Φ−i
)
.
(40)
Since Q∗ = Q+ 2GT (U−i+1−U−iΦ−i+1−Φ−i )G,
V˙ ≤− λmin{Q∗}‖x‖22 + 2βλmax{P}‖x‖22
− 2
(
Φi+1Ui − ΦiUi+1
Φi+1 − Φi
)
σ
=−
[
λmin{Q∗} − 2βλmax{P}
]
‖x‖22
+ 2|σ|
(
Φ−i+1U−i − Φ−iU−i+1
Φ−i+1 − Φ−i
)
.
(41)
Therefore, the function V˙ will be negative definite provided
λmin{Q∗} > 2βλmax{P}
U−i+1
Φ−i+1
≥ U−i
Φ−i
,
(42)
which is equivalent to (28). Clearly, V˙ = 0 iff σ = 0.
Remark 2: According to [20, Ch. 3], if a smooth behavior
in the vicinity of sliding surface is required, then the cores of
the membership functions should be adjusted such that
U1
Φ1
≤ U2
Φ2
≤ · · · ≤ Ui+1
Φi+1
, (43)
because the control gain decrease when σ is closer to the
switching line. However, it is necessary to be careful due to
simultaneous (Ui+1 − Ui)/(Φi+1 − Φi) increase implies that
U1/Φ1 decrease. Therefore, the inequalities (35) and (28) may
not be satisfied, thus, the stability and convergence would not
be guaranteed.

V. ILLUSTRATIVE EXAMPLE: EXPERIMENTAL ONE-LINK
PENDULUM
To illustrate the theoretical results of previous Sections, we
run experiments in an one-link pendulum which involves a DC
motor manufactured by Leadshine and the dSPACE control
board DS1103 (see Fig. 2). In addition, the amplifier of the
motor accepts a control input from the D/A converter in the
range of ±10 V.
The pendulum motion is governed by the following second-
order differential equation
ml2z˙(t) = −mgl sin(q(t))− fvz(t) +Ku(t) + wm(q, z, t),
(44)
Fig. 2. Testbed of the one-link pendulum.
Fig. 3. Schematic representation of the one-link pendulum.
where q(t) ∈ [−2pi, 2pi] ⊂ R is the angular position of the
pendulum, z(t) defines the angular velocity, u(t) ∈ [−10 10]
is the control input, wm(q, z, t) ∈ R stands for external
matched disturbances and uncertainties satisfying Assump-
tion 2, m = 0.12 kg is the mass of the load, l = 0.18 m
denotes the length of the pendulum, fv = 1.35× 10−5 N/ms
is the viscous friction coefficient, g = 9.8 m/s2 is the gravity
acceleration constant, and K > 0 is the motor-torque constant.
Let
y = q + wu
be the measurement position of the pendulum corrupted by
a disturbance wu(t). From the physical point of view, such
disturbance can be the sensor noise or any external hit that
abruptly changes the direction of the pendulum.
Let x1(t) = y(t)− qd = q(t)− qd + wu(t) be the position
error variable with respect to the measurement output, where
qd is the reference constant position, and x2(t) = z(t)+w˙u(t)
is the velocity. Notice that wu(t) is a continuously differen-
tiable external disturbance. The state-space representation of
the system (44) is
d
dt
[
x1
x2
]
=
[
x2
− gl sin(x1 + qd)− fvml2x2
]
+
[
0
K
ml2
]
u(t)
+
[
1 0
0 1ml2
]
w(x, t),
(45)
where w(x, t) = [w˙u wm]T represents the disturbances. The
objective is to drive the angular position error to the origin,
while also attenuating the disturbances.
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Fig. 4. Membership functions on variable σ(t) as input and u(t) as output.
For better clarify the main result of previous section, let
us assume that sin(x1) ' x1. So, the latter system can be
rewritten in the form (23), that is,
d
dt
[
x1
x2
]
=
[
0 1
− gL − fvm
]
︸ ︷︷ ︸
A
[
x1
x2
]
+
[
0
K
ml2
]
︸ ︷︷ ︸
B
u(t)+
[
1 0
0 1ml2
]
w(x, t).
(46)
All eigenvalues of matrix A has negative real part under the
parameters given in Table 1.
To enforce the errors x1(t) and x2(t) to the origin, we
choice the following sliding surface
σ = [80 1]︸ ︷︷ ︸
G
x. (47)
Now, we will build the rules on the basis of the stability
criteria proposed in (28). We consider a fuzzy system with
five membership functions. Beside, the membership functions
depicted in Figure 4, indicate that umax = U2, umin = U−2,
and σ ∈ [Φ−2 Φ2].
For this proposed fuzzy inference system, the whole uni-
verse of discourse of σ is separated into several subsets aiming
to the values that could take u(t) according to the input state.
Membership functions for input and output linguistic variables
are written as negative big (NB), negative middle (NM), zero
(ZR), positive middle (PM), and positive big (PB).
1) The state NB represents the situation where the sliding
variable σ is too far from the switching surface in
negative side.
2) The state NM represents the situation where the sliding
variable is in the negative side from the switching
surface.
3) The statement ZR deserves important attention. This one
represents the situation when the sliding variable is in
the vicinity of the sliding surface though a linguistic
quantification is not precise. In such a way any value
around σ = 0 can be accepted since this can be better
quantification, rather than another.
4) The state PM represents the situation where the sliding
variable is in the positive side from the switching
surface.
5) The statement PB represents the situation where the
sliding variable is too far from the switching surface
in the positive side.
Fuzzy rules can be represented as input linguistic variable
Surface σ and Output u(t) as output linguistic variable. The
rules matrix is written in Table I.
TABLE I
FUZZY RULES BASE
Surface σ Output u
NB NB
NM NM
ZR ZR
PM PM
PB PB
Recalling that Φ0 = U0 = 0, U2(U−2) are the extreme
values of u(t) and Φ2(−Φ−2) are the same thing regarding
the input σ, hence, in order to achieve different transfer
characteristics either U1(−U−1) or Φ1(−Φ−1) or both of
them might be modified. Therefore, if Φ1 or U1 are moved
such that the condition (28) is fulfilled, then convergence is
guaranteed due to the control gain U1/Φ1 is high when σ is
inside [Φ−1,Φ1], closer to the switching line.
The choice of the fuzzy values, shape and location of the
membership functions take an important role regarding fuzzy
system adjustment and the behavior of the controller FSMC.
According to the Properties 1-4, ψ(σ) is an odd function
which provides an interpolation between two operating points
(Φi, Ui). Figures 5(a) and 5(b) show the transfer function when
the condition (28) is satisfied.
Figure 6 show the transfer function when the condition (43)
is satisfied.
Table II presents the adjustment for the fuzzy system
satisfying the above conditions (43)-b.
TABLE II
PARAMETERS FOR THE FUZZY SYSTEM VARIABLES SATISFYING
CONDITIONS OF THEOREM 1
σi Ui
Φ−2 −100 U−2 −10
Φ−1 −16 U−1 −6.5
Φ0 0 U0 0
Φ1 16 U1 6.5
Φ2 100 U2 10
The fuzzy inference system was performed using the
Fuzzy Logic Toolbox. The closed-loop system (16),
(44) under rules provided in Table II was implemented in
MATLAB/SIMULINKr where ts = 1 × 10−3 s was chosen
as the sampling time. Figure 7 shows the time response
of the pendulum position for the free-disturbance case. The
pendulum follows several position references without over-
shoot fulfilling the stability and ability to follow the desired
positions. Moreover, the control algorithm has capability to
reduce chattering with the absence of mathematical model of
the plant.
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(a) U1
Φ1
> U2
Φ2
(b) U1
Φ1
= U2
Φ2
Fig. 5. Transfer function characteristics between σ and u(t).
In order to demonstrate the robustness of the closed-loop
system, the pendulum will be affected under external distur-
bances were randomly added by lightly hitting the pendulum
several times. Figure 8 shows, that despite the disturbance af-
fecting the pendulum behavior, the FSMC controller attenuates
the external disturbance and it is able to drive the pendulum’s
position to the reference. Therefore, the Theorem 1 is fulfilled.
Finally, we consider a new adjustment for the fuzzy system.
Table III shows the new values for the proposed fuzzy system
satisfying the condition (43) where the conditions of the
Theorem 1 are not fulfilled. As can be verified in Figure 9, the
new tuning does not guarantee the convergence because (43)
does not assure that (35) and (41) are satisfied and therefore,
asymptotic stability conditions in the sense of Lyapunov are
not achieved. Figure 9-a illustrates that there is not asymptotic
convergence to the reference. Similar case occurs for the
perturbed case as can be seen in Figure 9-b.
(a) U1
Φ1
< U2
Φ2
Fig. 6. Transfer function characteristics between σ and u(t) according to the
condition (43).
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Fig. 7. Angular position and the control input of the disturbance-free
pendulum.
TABLE III
PARAMETERS FOR THE FUZZY SYSTEM VARIABLES NOT SATISFYING
CONDITIONS OF THEOREM 1
σi Ui
Φ−2 −100 U−2 −10
Φ−1 −16 U−1 −1
Φ0 0 U0 0
Φ1 16 U1 1
Φ2 100 U2 10
VI. CONCLUSIONS
A Mamdani-type fuzzy system tune conditions for a fuzzy
sliding mode control have been developed to guarantee asymp-
totically stability and robustness for perturbed linear systems.
Both matched and unmatched disturbances were considered in
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Fig. 8. Angular position and the control input of the pendulum under external
disturbance.
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Fig. 9. Angular position of the experimental pendulum driven by fuzzy sliding
mode control adjusted without satisfying conditions of the Theorem 1 (see
Table III): disturbance-free (a) and perturbed case (b).
the analysis. Sufficient conditions to set the cores of member-
ship functions were found and mathematically demonstrated,
in contrast with previous works which show mathematical
considerations without showing a way to adjust the member-
ship functions. Real experiments were successfully developed
in a single pendulum, demonstrating the convergence of the
position trajectory to several desired points, thus corroborating
the theoretical results. As was emphasized along the paper,
neither the dynamic model of the plant nor the knowledge of
fuzzy system was required in the synthesis of the experimental
controller. Finally, the proposed generic and straightforward
approach pretends to be an important tool for practitioners.
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